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Supersonic Separated and Reattaching Laminar Flows:
I. General Theory and Application to Adiabatic Boundary-

Layer/Shock-Wave Interactions

LESTER LEES* AND BARRY L. REEVESf
California Institute of Technology, Pasadena, Calif.

This paper deals with laminar boundary-layer /shock-wave interactions in which the pres-
sure rise generated in an "external" supersonic, in viscid flow is communicated upstream
through the boundary layer and thereby induces flow separation. In order to describe this
phenomenon approximately, including the subsequent reattachment of the flow, we utilize
an integral or moment method in which the first moment of momentum is employed, in
addition to the usual momentum integral (zeroth moment). By this means, the velocity
and enthalpy profiles are characterized by a single independent parameter not explicitly re-
lated to the local static pressure gradient. The present theoretical calculations agree quite
well with the adiabatic laminar boundary-layer/shock-wave interaction experiments of
Chapman and Hakkinen and the experimental results of Sterrett and Emery on the "free
interaction" upstream of a forward facing step. Calculations for highly cooled surfaces are
in progress and will be reported as Part II (which will be submitted for publication at a
later date). The limitations of the two-moment method based on a one-parameter family
of velocity profiles are discussed and the role of a two-moment, two-parameter method such
as Wieghardt's is examined briefly. We remark that the general theory developed here is also
applicable to base flows and wake flows.

Nomenclature

a = speed of sound; also velocity profile parameter
[d(U/Ue)/d(Y/8i)]Y = » for attached flow;
(Y/8i)u/ue = o for separated flow

B = {3C + [(1 +me)/me}\
cv, Cp = specific heat at constant volume and constant

pressure, respectively
D( 3C, Me) = function defined in Eq. (22a)
e = enthalpy integral defined in Eq. (7d)
E = integral defined in Eq. (7e)

me-
7 — 1 -!(r +
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M = Mach number
Ni, N2, N3 = functions defined in Eqs. (22b-22d)
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S = total enthalpy function, (hs/hSe) — I
T* = enthalpy function, E/(Sw8t*)
u, v = velocity components parallel and normal to sur-

face, respectively
u* = velocity ratio along dividing streamline, (u/ue)$ = o
U = Stewartson's transformed velocity, u(am/ae)
x, y = coordinates parallel and normal to surface, respec-

tively
X} Y = Stewartson's transformed coordinates [Eq. (1)]

Z = velocity integral, (1/5**) I ' f — J dY

/8 = Falkner-Skan pressure gradient parameter
7 = ratio of specific heats, (cp/cv)
8 = boundary-layer thickness
8i — transformed boundary-layer thickness
5* = boundary-layer displacement thickness [Eq. (7a)]
8t* = transformed displacement thickness, 8i* + e
€ ' = Me — M"oo±
77 = similarity variable, Y([(m + l ) / 2 ] ( U e / v o X ) ) l f 2

6 — boundary-layer momentum thickness [Eq. (7b)]
6* = mechanical "energy" thickness [Eq. (7c)]
0 = local angle between "external" streamline at y =

8 and x axis tan~ l(ve/ue}
K = Crocco-Lees profile parameter
A = Pohlhausen parameter
fj, = viscosity
v = Prandtl-Meyer angle; also kinematic viscosity

(M/P)
p = gas density
T = shear stress
ib = stream function

Subscripts
b
e
i
s
w
x
0

oo — =

Blasius
local "external" in viscid
transformed
separation point
wall
along plate
beginning of interaction
far upstream of shock
far downstream of shock
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1. Introduction

IN the usual formulation of the Prandtl boundary-layer
theory, the static pressure distribution along the surface

is given by the inviscid flow over the surface in the absence
of a boundary layer. There is an important class of viscous
flows, however, in which the static pressure distribution is
not a given datum of the problem, but is determined by the
interaction between the "external" inviscid flow and the vis-
cous layer near the surface. Prandtl1 himself described
boundary-layer flow separation in these terms; "strong inter-
action" in hypersonic viscous flow2' 3 is a more recent ex-
ample. One of the most intriguing viscous-inviscid inter-
actions is the boundary-layer separation induced by a static
pressure rise in an "external" supersonic flow that is com-
municated upstream through the boundary layer itself.
This pressure rise may be generated by an incident oblique
shock, for example, or by a corner. Ackeret, Feldman, and
Rott4 first observed this phenomenon in the imbedded super-
sonic region over an airfoil at transonic speeds. All the main
features of the flow pattern are strikingly delineated in the
beautiful schlieren studies of Liepmann.5 Following earlier
theoretical work on this type of problem by Oswatitsch and
Wieghardt,6 the senior author7 gave a theoretical explanation
of the extensive region of upstream influence for adiabatic
flow and showed that the overpressure on the surface decays
exponentially with distance upstream of the separation point.
However, this study did not succeed in dealing with the vis-
cous flow downstream of separation and its subsequent re-
attachment. In fact, until recently, the only theoretical
treatment of reattachment worth mentioning was Chap-
man's8 analysis for the particular case of zero boundary-
layer thickness "far" upstream of the reattachment point.

In spite of the long-time interest in the boundary-layer/
shock-wave interaction problem, a satisfactory theoretical
analysis does not yet exist. Some theoretical studies em-
ploy a modified Karman-Pohlhausen method, without much
success9' 10; others utilize a two-moment method, but are
forced to patch together the preseparation and postseparation
regions by means of various ad hoc techniques11' 12; still
others utilize a plausible but semiempirical mixing or mass
entrainment rate between the inviscid and viscous flows.13"15

The situation is particularly unsatisfactory for flows with
heat transfer. The aim of the present paper is to construct
a theory that is capable of including the entire flow within a
single framework, without introducing semiempirical fea-
tures.

Provisionally we make the assumption that the boundary-
layer approximations are valid over the entire viscous flow
region; the self-consistency of this assumption must be
checked a posteriori. Once this working hypothesis is
adopted, integral or moment methods are quite attractive
for viscous-inviscid interaction problems. In the present
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Fig. 1 Schematic representation of shock-wave/laminar-
boundary-layer interaction.

study, we employ the first moment of the momentum in addi-
tion to the usual momentum integral (zeroth moment). This
method itself is not new,11' 12> 16~18 but it turns out that its
successful application to separated and reattaching flows
hinges on the proper choice of the one-parameter family of
velocity profiles utilized to represent the integral properties
of the viscous flow. We show that the Stewartson19 reversed-
flow profiles and their Cohen-Reshotko20 analogs for flows
with heat transfer have the qualitatively correct behavior;
polynomials do not.

Section 2 contains a physical description of the flow
pattern, a summary of the main features of the two-moment
method, and the reasons for the selection of the Stewartson
family of velocity profiles. In Sec. 3, the general mathe-
matical theory is developed, including flows with heat trans-
fer, and the distinction between "supercritical" and "sub-
critical" flows is brought out. In Sec. 4, the theory
is applied to adiabatic boundary-layer/shock-wave inter-
action, and the results are compared with the experiments
of Chapman et al.,8 and Hakkinen et al.,21 and Sterrett and
Emery.22 The limitations of the two-moment method based
on a one-parameter family of velocity profiles are discussed
in Sec. 5, and some brief remarks on the extension of the
present method to base flows and wake flows are contained
in Sec. 6.

This paper constitutes Part I of this study; Part II will
contain numerical solutions for flows with heat transfer.

2. Model of Supersonic Separated and
Reattaching Laminar Flows

2.1 Description of the Flow

The interaction between an incident oblique shock wave
and the laminar boundary layer on a flat plate is represented
schematically in Fig. 1. The positive pressure disturbance
caused by the shock propagates upstream through the sub-
sonic portion of the boundary layer. Unless the shock wave
is very weak, the laminar boundary layer separates from the
surface upstream of shock impingement.7 At the separation
point, the "dividing streamline" leaves the surface at a defi-
nite angle, according to Oswatitsch.23 The flow above this
streamline includes all the fluid contained in the boundary
layer just upstream of separation; below this streamline, a
steady, recirculating flow is trapped in the roof-shaped
"bubble" between the separation and reattachment points
(Fig. 1). Because of the transfer of momentum from the
"external" inviscid stream to the viscous flow above the di-
viding streamline, the velocity ratio (U/U^)^=Q along this
streamline increases continuously in the downstream direc-
tion. By this process, the flow is prepared for the additional
pressure rise during reattachment.8' 15 As the viscous
layer thickens downstream of separation, the positive pres-
sure gradient steadily decreases, until the famous "pressure
plateau"8' 21 is reached just upstream of shock impingement
(Fig.l).

The subsonic portion of the viscous layer cannot support
a sudden pressure rise; therefore, the incident shock is re-
flected as an expansion fan that just cancels the pressure jump
across the shock. Because of this reflection condition, the
flow at the outer edge of the viscous layer is suddenly de-
flected toward the plate surface (Fig. 1). The viscous layer
is squeezed against the surface and forced to turn as it flows
downstream, and this turning produces a pressure rise and
deceleration of the flow in the viscous layer. More and more
fluid below the dividing streamline is turned back as the
flow proceeds downstream, until the velocity along this
streamline itself is brought to rest at the reattachment
point (Fig. 1). Downstream of this point, the fluid above
the dividing streamline forms a new boundary layer. This
layer reaches a minimum section, or "neck," before relaxing
to the "normal" state corresponding to a weak, supersonic
viscous interaction at the new Mach number.
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This description of laminar boundary-layer/shock-wave
interaction is based on our understanding of the more familiar
adiabatic case. In this case, the viscous flow is entirely "sub-
critical" in the sense that the pressure rise generated by the
incident shock is communicated smoothly all the way up-
stream to the "initial" flat-plate flow, as in a subsonic nozzle
flow. Crocco24 found that (dd/dp) > 0 in such flows, whereas
in a "supercritical" flow (dd/dp) < 0. Thus, a subcritical
boundary layer is capable of generating its own positive
pressure gradient in the flow direction by interacting with
an external, in viscid supersonic stream. A supercritical
flow, on the other hand, responds to a pressure rise generated
downstream only through a sudden "jump" or "shock" to a
subcritical state.24! Downstream of this jump the flow pro-
ceeds smoothly. The analogy to a supersonic nozzle flow
is clear; the viscous flow behaves as if some equivalent
average Mach number is "supersonic."

Within the framework of the Crocco-Lees13 mixing theory,
adiabatic laminar boundary layers are subcritical, whereas
adiabatic turbulent boundary layers are supercritical.24- 25

This property partly accounts for the qualitatively different
behavior of laminar and turbulent boundary-layer/shock-
wave interactions. Crocco24 mentioned briefly that adi-
abatic laminar boundary layers could go supercritical in a
negative pressure gradient. In this paper we investigate
the conditions under which laminar boundary layers may be
supercritical within the present theoretical framework, and
we examine some of the interesting consequences of this be-
havior (Sec. 3.2).

2.2 Integral Methods of Solution

Because of the complexity of this problem, all the known
approaches utilize integral or moment methods that describe
the flow in some average sense. Gadd9 and Curie10 employed
a modified Karman-Pohlhausen method that is actually an
extension of Thwaites' technique.26' 27 For the separated
flow region, they utilized Stewartson's19 "lower branch" solu-
tions of the Falkner-Skan equation to obtain the skin-friction
and "form parameter" function appearing in Thwaites'
formulation of the boundary-layer momentum equation.
However, their results do not show the well-known pressure
plateau downstream of separation, so their static pressure
rise at shock impingement is considerably higher than the
experimentally observed value (cf. Fig. 5 of Ref. 10). Mar-
tellucci and Libby28 utilized an even simpler approach for the
adiabatic case, based on the original Pohlhausen quartic ve-
locity profiles, with similar results.

The chief defect of the Karman-Pohlhausen method is that
the velocity profile and all the integral properties of the flow
are uniquely determined by the local static pressure gradient.
Along the pressure plateau, for example, the pressure gradient
is virtually zero, but the velocity profiles are certainly not
"similar"; they coincide neither with the Blasius flow nor
with Stewartson's limiting re versed-flow profile (see Sec.
2.3). In order to avoid this difficulty, the method devised
by Crocco and the senior author13 utilized a shape parameter
x(x) that is not explicitly related to the local pressure gradient
or to the momentum thickness 6. If the zeroth moment or
momentum integral is employed, and no higher moments, a
second relation is required in order to determine the behavior
of the two independent quantities x(x) and 0(x). This rela-
tion is supplied by specifying the "mixing rate" or rate of
mass entrainment from the external inviscid flow.13 For
attached viscous layers, this relation offers no difficulty in
principle, but the extension to separated and reattaching
flows is necessarily semiempirical.

Glick15 made significant improvements in the Crocco-Lees
method, especially in the specification of the mixing rate

t Of course this jump must be interpreted as a rapid change in
flow quantities over a distance of one or two boundary-layer
thicknesses.

function. He showed that previous quantitative disagree-
ments between theory and experiment14 in the region up-
stream of separation could be attributed to an incorrect mix-
ing rate function C(x) based on the Falkner-Skan similar
solutions. These solutions do not properly account for the
history of the boundary-layer flow as far as mixing is con-
cerned. When C(x) is based on a suitable average of experi-
mental data and theoretical calculations that include flow
history, excellent agreement is obtained between predicted
and measured surface pressure distributions upstream of
separation. In the region between separation and shock
impingement, Glick15 determined the mixing rate function
by matching the predicted pressure distribution upstream of
separation with the results of a single experiment. When
this mixing rate is applied to another experiment at about
the same Mach number, but at a Reynolds number ten times
higher, agreement between theory and experiment is quite
satisfactory. The "dip" in static pressure between separa-
tion and shock impingement and other anomalies found by
Bray, Gadd, and Woodger14 are totally eliminated. How-
ever, one has no way of knowing in advance whether Glick's
semiempirical function can be extended to higher Mach num-
bers or to flows with heat transfer.

In order to avoid the semiempirical features of the Crocco-
Lees method for separated and reattaching flows, at least one
additional moment of the momentum equation must be em-
ployed. This idea seems to recur constantly in boundary-
layer theory; it was proposed by Sutton,16 by Walz,17 and
most recently by Tani.18 Tani specifies the velocity profiles
in terms of a single independent parameter a(x) proportional
to the slope at the surface. By abandoning the condition on
(d2?Vd?/2) at the plate surface and utilizing the zeroth and
first moments of the momentum equation, he obtains two
simultaneous, first-order, ordinary nonlinear differential equa-
tions for a(x) and B(x). Tani's method gives excellent
agreement with "exact solutions" for prescribed adverse
pressure gradients.18 The present authors have shown30 that
Tani's method is also quite suitable for describing a non-
similar "relaxation" of the boundary-layer flow, even for
uniform static pressure.

When Abbott, Holt, and Nielsen12 applied Tani's method
to the boundary-layer/shock-wave interaction problem, they
found good agreement between theory and experiment for
adiabatic flow up to separation. However, except at very
low Reynolds numbers, their calculations showed a physically
unrealistic static pressure maximum on the plate surface
downstream of separation. This maximum in the static
pressure is even more pronounced for cooled boundary layers
(Sw < 0). In addition, the thermal energy downstream of
separation flows in the wrong direction at the surface; the
cooled surface is heating the boundary layer! For (hw/hse) <
0.55 at Af,» = 4, no solutions at all could be found.

All of the difficulties experienced by Abbott, Holt, and
Nielsen are caused primarily by the use of Tani's quartic
velocity profiles (Sees. 2.3, 4.1, and 5). In the present re-
port, the attractive features of Tani's technique are combined
with the more appropriate Stewartson19 reversed-flow profiles.
In addition, we adopt the simplest possible procedure for the
total enthalpy profile and link it to the velocity profile
parameter a(X) and the value of Sw through the Cohen-
Reshotko20 analogs of Stewartson's solutions (Sec. 2.3).
In this manner we make certain that the total enthalpy pro-
file and the direction of heat flux at the surface are qualita-
tively correct over the entire interaction zone, including
reatt achment.

2.3 Velocity and Enthalpy Profiles

Downstream of separation, the magnitude of the peak re-
versed-flow velocity in the viscous layer increases steadily
with distance along the surface, reaches a maximum, and
then decreases again as the dividing streamline moves farther
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Fig. 2a Stewartson reversed-flow profiles for low-speed,
isothermal flow.
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Fig. 2b Comparison of similarity velocity profiles in
separated flow for vanishingly small adverse pressure
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Fig. 2c Slope of velocity profile at surface for Falkner-
Skan solutions.

Fig. 2d Characteristics of separated flow velocity profiles

and farther away from the surface (Fig. 1). A polynomial
representation of the velocity profile based on a single param-
eter is clearly inadequate to describe this sequence of events.
On the other hand, the reversed-flow solutions found by
Stewartson19 along the "lower branch" of the Falkner-Skan
family have the qualitatively correct behavior, provided one
"unhooks" the velocity profiles from the pressure gradient
parameter (3 (Fig. 2a).

As an illustration, consider the "similar" solution for
separated flow in the limiting case of zero pressure gradient
found in Ref. 30 by utilizing the two-moment method plus
Tani's quartic. In terms of the normalized coordinate ( Y / d i ) ,
the slope at the surface a = (di/ue)((>u/'dY)Q = —4.887 for
the quartic profile (see Fig. 2b), whereas the slope of the
lower branch solution approaches zero at the surface as ft —>• 0
(Fig. 2c). Actually, the lower branch solution approaches
the Chapman31 "free-mixing" profile as ft -* 0 (Fig. 2d). In
this limiting case, the outer shear-layer thickness is negligible
compared to the thickness of the recirculating zone, i.e.,
(F/5i)^ = o -* 1, (u/ue)t = o -*• 0.587, and the influence of the
surface virtually disappears.

The compressible flow analog of the Falkner-Skan family
was found by Cohen and Reshotko.20 By assuming that
ju ~ T, Pr = 1, and cp = const, and utilizing Stewartson's
transformation,32

dX = (peae/p nan) dx dY = (aep/ampm)dy (I)

they showed that the boundary-layer equations are trans-
formed into an equivalent "low-speed" form, even when the
flow is not adiabatic. The relation between the transformed
and physical longitudinal velocity components is given by

U = (am/ae)u (2)
The equivalent Falkner-Skan family is generated by taking
Ue = CX™.

Numerical solutions of the boundary-layer equation for
similar flow are tabulated by Cohen and Reshotko20 for cer-
tain pairs of values of /3 and Sw, including a few "lower-
branch" solutions; additional solutions can be obtained by

numerical integration. For each value of Sw, the coupled
velocity and total enthalpy profiles are determined com-
pletely by a single parameter, so that any convenient profile
characteristic may be utilized in the two-moment scheme.
For convenience, the profile parameter is selected as follows:

Attached Flow (upstream of separation and downstream
of reattachment)

(3)

where di is the transformed boundary-layer thickness. In
the present work,

0 ^ a(X) ^ 1.58 (Blasius)

Separated Flow

a(X) = (Y/6i)u-o 0 ^ a(X) ^ 1 (4)

i.e., a(X) is the locus of the curve of zero velocity bounding
the forward and reversed flow regions. All the required
integral functions appearing in the two-moment equations
for a(X) and 6(X) [or di*(X)] can be expressed in terms of
a(X) for a given value of Sw (Sec. 3.1).

At the cost of a certain amount of complication, the total
enthalpy profiles can be specified independently of the ve-
locity profiles, and the integral form of the energy equation
can be added to the two velocity moment equations in order
to determine the history of the additional parameter. For
highly cooled flows, this procedure is essential, but for
moderately cooled flows, we assume that the total enthalpy
profile has no independent "memory." Of course this choice
does not mean that the velocity and total enthalpy profiles
are "similar" in the sense of the Crocco integral; in fact, the
Cohen-Reshotko20 solutions show that the total enthalpy
profile is relatively insensitive to the velocity profile along
the lower branch. At the separation and reattachment
points, for example, the local surface heat-transfer rate does
not vanish, even though the local skin friction is zero.§

§ See also Savage.33
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3. Differential Equations and Properties
of the Solutions

3.1 Differential Equations

By integrating the "reduced" momentum equation in
Stewartson coordinates across the boundary layer, and making
use of the continuity equation, one obtains30- 33

(e/Oi)]6i*(dMe/dX) =
-o (5)

2 [2

Similarly, by multiplying the momentum equation by U and
integrating, one obtains30- 33^

where

e = CSi SdY

-/.''(§>

(7a)

(7b)

(7c)

(7d)**

(7e)**

These equations are rewritten in the following more con-
venient form :

W(d8t*/dX).+ dt*(dK/dX) + (23C + 1) X
(8t*/M,)(dMe/dX) = K/(ara

J(d8t*/dX)
(3J + 2Sv,T*)(8t*/Me)(dMe/dX) =

where f t
dt* = d<* + e

5C = (6</dt*)

P =

J = (6t*/8t*)

T* = (E/SJ,*)

(8)

(9)

(10)

In a viscous interaction of this type, the external inviscid
flow is not known a priori, but is determined by the normal
velocity induced by the growth of the boundary layer. As
shown by Crocco and the senior author,13 the inclination of
the streamline in the external inviscid flow at y = d is given
by the relation

- fe) - (f) -
— 1 dy (11)

IT Alternatively, one could use the energy integral, or integral
of the equation for the total enthalpy; this procedure is pres-
ently being studied.

** In Savage's notation,33 £ = e and & = E.
f t Glick15 showed that different choices of 5; within reason-

able bounds do not affect the final results in the Crocco-Lees
mixing theory. A similar insensitivity is found with the present
method.

By applying the Stewartson transformation [Eq. (1)], Eq
(11) becomes

(l/me)[(l + me)/(l + mj] tanG =

where

(f8t*/Me)(dMe/dX) (12)

m = [(y - l)/2]71f2

[(3T- D/(7- 1)]
[(T

Z = (1/5,*) (U/U.)dY

me)]}Z

Usually, the compression waves generated by the growth
of the boundary layer coalesce into a shock wave well beyond
the outer edge of the layer (Fig. 1), so that the isentropic
Prandtl-Meyer relation between Me and 9 is a good approxi-
mation, i.e.,

- v(Me) = 6 (13a)

where

— 1V/2

tan-1^2 - 1)1/2 (13b)

Vm± = v(Mm±) (13c)

and Moo- is the Mach number far upstream of the inter-
action, and Mm+ is the Mach number far downstream of the
interaction, If the supersonic-hypersonic similarity param-
eter (Me* — 1)1/2 tan6 is small compared to unity, and tan6 ==
0, Eqs. (12a) and (13b) are replaced by the linearized Prandtl-
Meyer relation:

6 = -
— I")1 /2

(1 +

where

Me =

^- (13d)

(136)

When Eqs. (12-13e) are combined with Eqs. (8) and (9),
we have threel simultaneous first-order nonlinear differential
equations for the three dependent variables Me(X), dt*(X),
and 30(30, or aCY).

As stated in Sec. 2.3, the quantities 3C, /, P, R, T*} and Z
appearing in Eqs. (8, 9, and 12) are to be evaluated as func-
tions of a(X) and Sw by utilizing the Cohen-Reshotko ve-
locity and enthalpy profiles, including the analog of the
Stewartson lower branch for separated and reattaching flow.
We follow a procedure similar to that used by Thwaites26

for the momentum equation and curve-fit Jf these functions
in terms of the parameter a. For example, for adiabatic
flow (Sw = 0), we have:

Attached Flow (0 ^ a ^ 4)

3C = 0.2470 + 0.1095a - 0.0172a2 + 0.00104a3

J = 0.3737 + 0.1725a - 0.0199a2 + 0.00070a3

P = 0.4878a - 0.0963a2 + 0.0077a3

E = 1.2578 - 0.5259a + 0.2636a2 - 0.0548a3 + 0.00435a4

Z = 1.0384 - 0.5894a - 0.0466a2 + 0.0760a3 - 0.0341a4

f t These functions are improved versions of those given in
AIAA Preprint 64-4 and were found by John Klineberg of
California Institute of Technology on the basis of further solu-
tions of the Cohen and Reshotko equations.
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Fig. 3 Theoretical 5C distributions from similar solutions.

= 1.575 + 0.0889a + 0.0595a2 - 0.01059a3

E = e =

Separated (0 ^ a ^ 0.54)

5C = 0.2470 - 0.2589a 0.0486a2 - 3.721a3 +
8.155a4 - 4.586a5

/ = 0.3737 - 0.3788a - 0.2348a4 - 2.883a3 +
7.107a4 - 4.087a5

P = 2.001a - 11.40a2 + 63.22a3 - 75.04a4 -
141.86a5 + 321.77a6 - 160.4a7

R = 1.2578 - 0.5907a + 41.85a2 + 256.2a3 -
802.5a4 - 1114.4a5 + 581.8a6

Z = 1.0384 - 0.5894a - 4.665a2 + 7.598a3 - 3.407a4

= 1.575 - 3.496a 34.993a2 - 187.9a3

492.7a4 - 671. 96a5 420.28a6

These functions are shown in Figs. 3-8, along with the values
computed directly from the similar solutions. The complete
family of separated flow profiles extends over the range
0 < a < 1, but the largest value of a for which a solution of
the Falkner-Skan equations was obtained by Stewartson19 is
0.54. By limiting the present analysis to values of a < 0.54,
we are, in effect, placing an upper bound on the incident
shock strength (or wedge angle for the flow past a wedge on a
plate). Additional values for 0.54 < a < 1 can of course be
found by numerical integration if required.

As an illustration of the effect of heat transfer, consider the
"highly cooled" case Sw = —0.8. For this case, Cohen and
Reshotko20 have found two lower branch solutions, in addi-
tion to an incipient separation solution, and several attached
flow solutions as well. The functions 3C, /, P, R, Z, and T*
were evaluated from the Cohen and Reshotko solutions, as-

1.2 0.8 0.4 0 O.I 0.2 0.3 0.4 05

1.6 1.2 0.8 0.4 O.I 0.2 0.3 0.4 0.5

Fig. 5 Theoretical P distributions from similar solutions.

suming that the dynamical and thermal boundary-layer
thicknesses are equal§§ (Figs. 3-8).

3.2 Subcritical and Supercritical Flows

In Sec. 2.1 we alluded briefly to the distinction between
subcritical and supercritical laminar boundary-layer flows.
Now we want to give a mathematical treatment of this ques-
tion within the present theoretical framework and to offer a
rough physical explanation of the different behavior of the
flow in the two cases.

For convenience, the three governing differential equations
(slightly rewritten) are repeated here [Eqs. (8, 9, and 12) ]:

Continuity

B(d/dX)(logdt*) + (d3C/dX) -

Momentum
(14)

l)(d/dX)(\ogMe) =
aJMtfSWP (15)

First Moment of Momentum

J(d/dX)Qog8t*)
(3J + 2SwT*)(d/dX)(logMe) =

(16)
where

= —SeSt* me(l + Wo,)
(17)

When

C/¥e
2 - tanG tanG = 6

Fig. 6 Theoretical R distributions from similar solutions.

Fig. 4 Theoretical / distributions from similar solutions.

§§ Actually, for positive pressure gradients, Sdynam > Stherm-
Cohen and Reshotko20 have shown that, at the steepest gradients,
near separation (5^/5^) =0.9. Hence, this difference is clearly a
second-order effect.
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Fig. 7 Theoretical Z distributions from similar solutions.

then [Eq. (13d)]

- I)1/2

(1 + ?O(1 + (17a)

By regarding these three equations as algebraic equations
for (ddt*/dX), (d3C/dX), and (dMe/dX), and solving simul-
taneously, one obtains

(8t*/Me)(dM./dX) = (l/Re8t*) X
»O]} (18)

Q ] } (19)
W.)]} (20)

where

and

Z)(3C, Me) = [(1 + me)/me][(3J + 2SUT*) -
(25C

e, Me, A) = [(I e][fl - P(dJ/d3C)]
(P + A) [/ -

(21)

(22a)

(22b)

1)]

- (25C + 1)] (22c)

= (P + h)[f(dJ/dK) - (3/ + 2&T*)] -
[/ - (23C + 1)][R + h(dJ/d3C)] (22d)

JV2(5C, Me, h) = [(I + me)/me] X
[(3J + 2SWT*)P -

AT3(3C, Me,

Consider the possible "trajectories" of solutions of the
boundary-layer/shock-wave interaction problem in the
a-X and Me-X planes in the region upstream of separation
(Fig. 9) . At the separation point (a = 0) one can show that
D < 0 for all values of Sw and Me. At this point, P = 0, so
Ni > 0 unless the Reynolds number is very high [Eqs. (17)
and (22b)].™ Similarly N2 > 0 and N* < 0, or (l/Me)
(dMe/dX) < 0, (dW/dX) < 0, (ddt*/dX) > 0. Thus, the
laminar boundary layer is subcritical at separation. This re-
sult is hardly surprising; one would not expect the boundary
laver to separate from the surface unless (l/Me) (dMe/dX) <
0."

The integration of Eqs. (18-20) in the upstream direction
proceeds smoothly from the separation point toward the
flat-plate solution, as long as D ^ 0 in the interval 0 ^ a ^
a&, i.e., as long as the flow remains subcritical [case 1, Fig. 9].
Now the location of the singular point defined by the condi-

^^ At the separation point / > 3C(d//d5C) and tanG > 0 or
[c < 0]; thus, if Rest* is high enough, the quantity /z,[(Eq. (17)]
is a large enough negative number to outweigh the term [(1 +
me)/me] R in Eq. (22b). However, this situation usually occurs
beyond the range of interest for laminar flows, and it signals a
breakdown of the one-parameter method when it does occur
(Sec. 5).

O.I 0.2 0.3 0.4 0.5

Fig. 8 Theoretical T* distribution from similar solutions.

1.6 1.2 0.8 0.4 0
o

tion D = 0 depends only on Me and Sw and not on the:
Reynolds number [Eq. (22a)]. In Fig. lOa the value of
a = 0,1 for D = 0 is plotted as a function of Mach number-
for adiabatic flow (Sw = 0). In that case, the singularity
always falls in the range a > a6, corresponding to a boundary
layer subjected to a sufficiently strong negative pressure?
gradient. Thus if the boundary layer "entering" the inter-
action zone is a self-preserving Blasius flow, the adiabatic
interaction is always subcritical. However, when the flow
is highly cooled and Me ^>> 1, the laminar boundary layer may
go supercritical for a < ab because a large portion of the bound-
ary layer is actually supersonic. In order to study this
question more carefully, we propose to add the energy conserv-
ation integral to Eqs. (8, 9, and 12); the results of this
study will be reported in Part II.

If, for example, the entering boundary layer is sufficiently
"accelerated," so that a_co > ai(Me), then the singularity
D = 0 does occur within the range 0 < a < a~m. This
singular point corresponds to the "sonic point'7 in a nozzle.
Unless Ni, Nz, and Af3 also vanish at this point, the "solution"
is "turned back" and proceeds downstream along the super-
critical branch (case 2, Fig. 9). These two branches are
analogous to the two branches of the flow in the diverging or
exit section of a nozzle.

This discussion shows that a supercritical laminar boundary
layer cannot be joined smoothly to the flow near separation,
A sudden "jump" must occur to the "subcritical branch"
of the solution passing through separation (Fig. 11). The
strength of this "jump" is determined by applying the ap-
propriate "conservation" equations derived from Eqs. (14-
16).* If the "final" laminar boundary layer downstream
of the interaction region is subcritical, the flow downstream
of the jump remains subcritical, but if the downstream

SUPERCRITICAL BRANCH

SUBCRITICAL BRANCH

SEPARATION POINT

SUPERCRITICAL BRANCH

•SUBCRITICAL BRANCH

-SEPARATION POINT

Fig. 9 Schematic representation of possible trajectories
upstream of separation.

* This problem is under investigation by John Klineberg ab
this laboratory, and the results will appear in Part II of this
study.
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laminar layer is also supercritical, the flow must pass through
a "throat" downstream of shock impingement (Fig. 11).
The location of the throat is given by the condition that NI,
JV2, -ZVs, and D vanish simultaneously; this throat, or saddle-
point, is entirely analogous to the "critical point" found in the
Crocco-Lees mixing theory for wake flows. Evidently, only
one pair of conditions D = 0, Nj = 0 (j = 1, 2, or 3) is inde-
pendent. If Ni = 0, for example [Eq. (22b)j,

h = R
L

_ (23)

By substituting the values of a\ and Me for D = 0 into Eq.
(23), one finds that 9 > 0(e < 0) at the throat (Fig. lOb).
The actual location of the throat is given by Eq. (23) and the
relation a = ai(Me). Thus, in many respects laminar bound-
ary-layer/shock-wave interaction with an initially super-
critical flow is similar to adiabatic turbulent boundary-
layer interaction.

Whether one is dealing with an "accelerated" adiabatic
laminar boundary layer (a > a&), or with a highly cooled flat-
plate layer, the supercritical character of the flow is caused
by the behavior of the displacement thickness 8t*. In these
flows, the mass flux across the layer is relatively high, so that
fit*/&i .<£' 1. However, even a small reduction in negative
pressure gradient (if a > ab), or a small positive pressure gradi-
ent if a = db, produces a rapid increase in (8t*/8i) in the
downstream direction as a increases. Now

(ddt*/dX) = (8t*/di)(ddt/dX) + 8i(d/dX)(8t*/8t)
and (ddt*/dX) is small if 6 is small, according to Eq. (15).
But (d/dX)(8t*/8i) is so large that (ddt/dX) < 0! In other
words, (dbi/dp) < 0; this situation is characteristic of super-
critical flows such as the steady supersonic flow in a nozzle

Me

Fig. lOa Location of singular point, D = 0, as a function
of Mach number.

^ 6

5 6 7

Me

8 9 10

-SUPERCRITICAL-SUBCRITICAL JUMP

THROAT
(D=0;N|»N2=N3=0)

•SUPERCRITICAL

-REATTACHMENT

Fig. 11 Schematic representation of supercritical laminar
boundary-layer/shock-wave interaction.

where (dA/dp) < 0. Thus it is not surprising that small
disturbances cannot propagate upstream in a supercritical
flow.

According to the momentum equation [Eq. (6) or (18)], 0;
increases gradually if (dp/dX) > 0. We know that (0t-/5») is
slowly varying with a, so momentum considerations require
that (ddi/dp) > 0, in contradiction to the condition imposed
by continuity. Thus, we conclude that a smooth compres-
sion is impossible in a supercritical flow. On the other hand,
an expansion offers no difficulty because (8t*/8i) decreases
as a increases.

3.3 Nature of Solutions for Subcritical Laminar
Boundary- Layer /Shock- Wave Interaction

3.3.1 Upstream of separation

The interaction between the laminar boundary layer and
the external supersonic flow upstream of separation is com-
pletely determined by the Reynolds number and the previous
history of the boundary layer. In the present study, the
boundary layer "entering" the interaction zone is a self-
preserving Blasius flow, so the derivatives (dMe/d8t*) and
(da/d8t*) must both vanish as a -*- ab along the integral curve
from the separation point. Thus Ni, N% — *- 0 according to
Eqs. (18) and (19), but Ns ^ 0, D ^ 0 as a -* ab. These
conditions are satisfied only if

= P J (24)
and [Eqs. (17a, 23, and 24)]

X

(mco-Xl + m
(M^J- — I)1 'Ife

and, if Mn » 1,

(25)

vm/(am8t*) KmooVMoo-) (25a)
The first relation determines the value of a corresponding to
the Blasius profile (ab = 1.58, all Sw and Me), whereas Eq.
(25) or (25a) yields the well-known3 induced pressure dis-
tribution for ' 'weak interaction." f

For convenience in numerical integration, Eqs. (18-20) are
rewritten in the form

(8t*/M.)(dM,/d8t*) =
dt*(da/ddt*) =

(26)
(27)

Fig. lOb Variation of ^throat with Mach number.

t The basic equations [(18-20)] also yield the hypersonic
"strong" interaction solution upstream of the interaction zone
when [M <*>*/(ReXQ)l/z] » 1.
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Fig. 12 5t*i a, and Me trajectories for a shock-wave/
boundary-layer interaction at Mm = 6, Sw = 0 (adiabatic

flow).

A value of 9 = Os [or e = es] is specified at the separation
point (a = 0) and a trial value of 8ts* selected. Integration
of Eqs. (26) and (27) was performed using a Runge-Kutta
technique on an IBM 7090 digital computer. By iteration,
the correct value of 5*s* and the proper integral curve are
determined as the solution of a typical two-point boundary-
value problem, in which A7i and N% must vanish simultane-
ously upstream as a -* ab. The point at which Ni = N<> = 0
and a = ab is denned as the beginning of the interaction, and
the value of 5t* at this point fixes the "initial" Reynolds
number. Typical a(Me) and 8t*(Me) trajectories for an
adiabatic laminar boundary-layer/shock-wave interaction
on a flat plate are shown in Fig. 12.

Upstream of separation (ddt*/dMe) < 0, (da/ddt*) < 0,
and (da/dMe) > 0. By proper choice of e or h at a — ab,
the signs of Ni and Nz can be changed, so that (da/dMe) >
0, but (ddt*/dMe) > 0 and (da/ddt*) > 0. This branch
represents the interaction of an expansion fan with a laminar
boundary layer, in which a > ab in the interaction zone.
Clearly, other "initial" conditions corresponding to the effect
of surface curvature can also be analyzed by this method.

Once Eqs. (26) and (27) are solved, the results are trans-
formed back to the physical plane by means of the integral

+ MJ&t

dK\(dJ\(da

X

<28>
3.3.2 Region between separation and shock impingement

Between separation and reattachment, a = (Y/8i)u=o-
According to Eq. (19), (da/dX) is always positive (and finite)
at the separation point. Thus the locus of zero velocity
breaks away from the separation point at a finite angle to
the surface. The Stewartson lower branch solutions have
the property that [(d/da)(Y/di)t = o]a-*o = const (1.5); hence,
the dividing streamline also separates from the surface at a
finite angle. The present results correspond to the local
regular solution around the separation point found by Oswa-
titsch.23 Similar remarks apply to the reattachment point.

The solution of Eqs. (26) and (27) downstream of the sepa-
ration point is uniquely determined by the conditions at
separation; namely, a = 0, 5<* = (dt*)8, 0 = ©«> already
found from the upstream solution (Sec. 3.3.1). The integral

curves show that a increases steadily with X (Fig. 12) ; the
upper bound a = I corresponds to the Chapman31 mixing
profile. This portion of the integral curve may be terminated
at any value of a (or X) at which one wishes to place the
incident oblique shock. Of course, the larger the value of a
the stronger will be the corresponding incident shock and
the more extensive the upstream interaction region (Sec. 4) J

3.3.3 Downstream of shock impingement: reattachment

As discussed in Sec. 2.1, the local "external" Mach number
Me is continuous at the shock impingement point, or

02 =" vm+ + 0i —

in the linearized case,

e2 = Moo- — Mm+

where the subscripts 1 and 2 refer to conditions just upstrearrr-
and downstream of the shock. Since a is also continuous,
its value is known, and either Mm+ or ©2 (or €2) is utilized as an
iteration parameter for the downstream integration. The
correct integral curve is determined by the condition Ni,Nz-+-
0 as a -+• ab and Mm — >- Mm+.

Downstream of shock impingement, all three quantities
a, Me, and 5t* decrease to the reattachment point (Fig. 12).
Downstream of reattachment

a =

and (da/dX) > 0. At some point downstream of reattach-
ment 7V3 = 0 and (ddi*/dX) = 0 (but 0 ^ 0 there !); the
flow passes through a "neck" in the dt* — X plane and
(ddt*/dX) > 0 beyond this point. Near reattachment
(dMe/dX) < 0, so (dMe/da) < 0. But we know that (dMe/
da) > 0 in the vicinity of the flat-plate solution (Sec. 3.3.1),
so the Mach number must undershoot and the static pressure
must overshoot slightly before the final equilibrium flow is
achieved (Fig. 12).

4. Laminar Boundary -Layer/ Shock- Wave
Interaction for Adiabatic Flow

4.1 Interaction Upstream of Disturbance

As we have seen, the Tani18 quartic is a poor representation
of velocity profiles in flows with extensive separation (Sec.
2.3). As an illustration of this fact, Fig. 13 shows theoretical
static pressure distributions, computed with both similar
solution and quartic profiles, for flow upstream of a disturb-
ance which is sufficiently strong to separate the boundary
layer. As one might expect, upstream of separation the two

————i—————i—————r
SOLUTION WITH SIMILAR SOLUTION PROFILESz.

SOLUTION WITH QUARTIC PROFILES-^

RexxlO

Fig. 13 Comparison of theoretical pressure distributions
upstream of a disturbance.

J In other words, this scheme is an "inverse" method. Com-
parison with experimental measurements is made by selecting
several different locations of the shock impingement point
bracketing the location used in the experiments (see Fig. 20,
for example). We wish to re-emphasize here that there are no
semiempirical factors introduced into the calculation.
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Fig. 14 Experimental and theoretical pressure distribu-
tions upstream of a disturbance at M^ = 2.

solutions are in very good agreement. Downstream of
separation the quartic solution exhibits a maximum in static
pressure followed by a region of negative pressure gradient.
The solution with similar solution profiles, on the other hand,
shows a monotonically decreasing positive pressure gradient
and an eventual plateau. This plateau in static pressure
has been observed experimentally and apparently is crucial
in providing just the right amount of mixing between the
inviscid flow and separated shear layer so that the layer
can ultimately reattach.

Figure 14 shows a comparison of theoretical and experi-
mental8 pressure distributions upstream of a disturbance for
different Reynolds numbers at Mach 2. The data shown
were obtained for flow past a wedge in contact with a flat
plate. Both theory and experiment show that as Reynolds
number is lowered the separation point moves upstream and
the pressure ratios at separation and in the plateau are in-
creased. The theoretical distributions of static pressure are
in good agreement with the experimental results, although
downstream of separation the theoretical distributions level
off somewhat more rapidly.

Figure 15 shows a comparison of theoretical and experi-
mental pressure distribution upstream of a disturbance in
hypersonic flow. The data of Sterrett and Emery22 corre-
spond to the flow past a forward facing step in contact with
a flat plate. At this Mach number, the theoretical plateau
pressure is about 15% higher than the experimental value.
The pressure at separation is in almost exact agreement with
the experimental value.

4.2 Pressure Rise at Reattachment

The Chapman8 theory of reattachment assumes that total
pressure is conserved along the dividing streamline in the
reattachment zone. As a consequence of this assumption,
the reattachment pressure rise is completely determined by
the local Mach number and the value of u* = (u/ue)t=o ap-
proaching the reattachment zone. According to this theory,
the reattachment process itself is independent of Reynolds
number, although for free interactions the value of u* at

Mco'2.0 MSHOCK=I.92

IE u*=0.46 _

CHAPMAN VALUE u»=O.I8

LIMIT AS Re8**<D ] -
FOR u*=O.I8 ———I

10' 10*

Fig. 16 Effect of Reynolds number on reattachment
pressure ratio.

the beginning of reattachment may be Reynolds number
dependent because the location of the separation point is
not fixed. If we write the boundary-layer momentum equa-
tion along the dividing streamline

pu(du/dx) = -(dp/dx) (29)

we see that the assumption of constant total pressure is valid
only when the normal gradient of shear at the dividing stream-
line is much less than the pressure gradient along the surface.
The Stewartson lower branch velocity profiles have the
property that (dr/d?/),/,=o > 0; hence, it is apparent from
Eq. (29) that deceleration along the dividing streamline
is retarded by the shear gradient, and as a result the reattach-
ment zone is lengthened. To put it another way, the static
pressure rise for a given initial u* is increased by the action
of the viscous shear stress.

As the reattachment zone becomes relatively large, one
can expect that shear and mixing with the outer inviscid
flow will have an important role in determining the pressure
rise, and the mechanism of reattachment will indeed be de-
pendent upon Reynolds number. Figure 16 shows the theo-
retical variation of reattachment pressure ratio with Reynolds
number. For given Mach number and constant u*, the ratio
(poD+/Pshock) increases with decreasing Reynolds number and
pressure coefficient varies approximately as

u* = 0.46
= 0.18

for

5 X 102 < < 5 X 103

Hence, the effect of Reynolds number becomes less important
as u* is increased. As Res* —>• °°, the pressure ratio ap-
proaches a constant depending on the value of u*. As Re§* ->•

[Eqs. (17-21)],

(JL\ =
Weshock/

/ - ^C\

I
2.0 —————|—————,—————r

R«Xi0»5.l8x I08, L»6inches , y-1.4

1.8 - O EXPERIMENT (STERR£TT*AND EMERY).

—— PRESENT THEORY

Fig. 15 Experimental and theoretical pressure distribu-
tions upstream of a disturbance at Mm = 6.5.

Cfxl04

Fig. 17 Experimental and theoretical pressure and
skin-friction distributions for a shoek-wave/boundary-

layer interaction at M = 2.0.
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and we see that the reattachment pressure rise depends only
upon aBhock and Sw. Also, the maximum pressure in the pres-
sure overshoot downstream of the reattachment point occurs
when J — 3C,(dJ/d3£) = 0 or a (attached) = 0.4 for adiabatic
flow.

The limit Res* -> co, h >> 1 implies that P, R » 0, i.e.,
that shear at the wall and viscous dissipation become negli-
gible. Furthermore, the momentum integral and first mo-
ment become uncoupled from the continuity integral [Eq.
(11)], with the result that mixing also becomes unimportant
in determining the reattachment pressure rise. Thus it is
this limiting value of the pressure ratio as Res* -*• °° (Fig.
16) which corresponds conceptually to the Chapman model.
Of course the value of the pressure rise obtained with the
moment method differs from the Chapman value, because in
the moment method the entire viscous layer is compressed
isentropically.

4.3 Complete Interactions

Figures 17 and 18 show comparisons of the present theory
with experimental pressure distributions8-21 in shock-wave
boundary-layer interactions. In both cases, the pressure
distributions up to the shock impingement point are in good
agreement with experiment. In the reattachment region
agreement is also quite good, although the theoretical pres-
sure rises somewhat more slowly than in experiments. On

__ O EXPERIMENT {CHAPMAN8,KUEHN, AND LARSON) o

Fig. 18 Experimental and theoretical pressure distribu-
tions for a shock-wave/boundary-layer interaction at

Mco = 2.45.

Fig. 19 Effect of shock strength on pressure distribution,
Mo, = 2.0.

H

RexxlO~5

Fig. 21 Shock-wave/boundary-layer interaction at Mco =
6: pressure distribution.

the other hand, the calculated skin-friction coefficient seems
to drop somewhat more rapidly than the experimental
values upstream of separation and to rise more slowly
downstream of reattachment.

Figure 19 shows the effect of shock strength on the static
pressure distribution when the shock impingement point is
fixed. As the shock strength increases, the separation point
moves upstream, and both the separation and plateau pres-
sures are increased. The reattachment point moves down-
stream with increasing shock strength, and hence the: over-
all length of interaction is increased.

Figure 20 shows that, in order to keep the separation point
fixed, the shock impingement point must move downstream
as shock strength is increased. Apparently the location of
shock impingement is rather sensitive to shock strength as
long as the flow is laminar.

Figures 21 and 22 show the theoretical static pressure and
displacement thickness distributions, respectively, for an
interaction at Mach 6. In the separated region upstream of
the shock the displacement thickness increases almost linearly
to a factor of 7 greater than the displacement thickness at
the beginning of the interaction. Apparently, for extensive
separation, this thickness variation has a dominant effect
on the skin-friction coefficient, as shown in Fig. 22. The
shearing stress actually increases downstream of separation,
after passing through a minimum, because of the rapidly
thickening region of reverse flow. A similar effect is pro-
duced in the reattachment region as the thickness of the layer
rapidly decreases.

5. Limitations of Two-Moment Method
Based on One-Parameter Family

of Velocity Profiles

In one of the examples of adiabatic boundary-layer/shock-
wave interaction discussed in Sec. 4.1, the two-moment
method based on the Tani18 quartic velocity profile led to a
static pressure maximum on the plate surface between
separation and shock impingement (Fig. 13). On the other
hand, calculations based on the Stewartson19 family gave

RexxlO"5'

Fig. 20 Effect of varying shock strength and location for
fixed separation point, Mm = 2.0.

Fig. 22 Shock-wave/boundary -layer interaction at Mm =
6: skin-friction and displacement thickness distributions*
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so*

E0«

(R>s*W

Fig. 23a Limita-
tions on two-mo-
ment method based
on Stewartson fam-
ily: Sw = 0 (adiab-

atic flow).

Fig. 23b Limita-
tions on two-mo-
ment method based
on Stewartson fam-

ily: Sw = -0.4.

excellent agreement with the experimentally observed pres-
sure plateau in all cases (Figs. 13-15, 17, and 18). The
question naturally arises as to whether the Stewartson
family, or indeed any other one-parameter family, could
also lead to a physically unrealistic static pressure maximum
for certain ranges of Mach number, Reynolds number, and
enthalpy ratio Sw. The conditions under which such a
pressure maximum first appears define the limits of appli-
cability of the two-moment method based on a one-parameter
family of velocity profiles. ,

According to Eq. (18), the conditions for the occurrence of
a pressure maximum are that Ni = 0 and D ^ 0; the first
of these conditions leads to the relation already given by
Eq.(23),i.e.,

h = -Re8t*[(l + me)/me(l + mj] tanO =
[(1 + me)/me]{ [P(dJ/dK) -R }/[J - K(dJ/d)W]} - P (23')

Since R > P(dJ/d3£), and the first term on the right-hand side
is much larger than ( — P), a static pressure maximum can
occur if./ > 3£(dJ/d3C), provided that Re8t* is large enough so
that Eq. (23) is satisfied at some point.

For the Stewartson family,/ > 3C(d//dOC) when 0 < a <
0.4 upstream of separation arid for all values of a between
separation and shock impingenient.§ Since the quantity
[J '— 3C(c///d3C)] increases steadily with increasing a =
(Y/5i)u=o downstream of separation, the most stringent
limitation on the value of h or Re8i* is imposed by taking

a = 1; here we relax this limitation somewhat by taking
a = 0.54, corresponding to the upper limit of the tabulated
Stewartson functions. Values of the function

G = [P(dJ/d3C) - R]/[J - M(dJ/d3C)]

for a = 0.54 computed from the Cohen-Reshbtko20 solutions
are shown in Table 1.

In order to estimate the "critical'' value of Res* = (Res*)ot
at which a static pressure maximum first appears, we need
to estimate the value of 6 at this point [Eq. (23)]. For this
purpose we use the semiempirical equation for the plateau
pressure coefficient given by Chapman et al.,8

C9 = C(M«? - l)~ll4(Rex, 0)~1/4 (30)

where C = 2 for adiabatic flow; furthermore, we assume that
the value of C is not changed much by heat transfer. By
utilizing the well-known isentropic flow relations and Eq.
(30), the Mach number corresponding to the plateau pressure
can be computed as a function of M^ and ReXt 0. The esti-
mated value of Bpiateau is obtained from the Prandtl-Meyer
relation

v-m - v(M.) = epiateau [Eq. (13a) ]

Finally, the value of (Re8*)CT is obtained from (Re8t*)CJ: by
using the defining relation

5* = dt*[(l e) /(I X
me) (31)

In Figures 23a and 23b, (Res*)or is plotted as a function of
Moo for values of Rex, 0 of 104, 106, and 107. For comparison,
the value of (Re8*)Cr corresponding to the Tani quartic is
shown in Fig. 23a for adiabatic flow, with Re^ = 104; these
values are almost one order of magnitude lower than those
obtained using the Stewartson lower branch solutions. The
difficulties encountered by Abbott, Holt, and Nielsen12 are
perfectly understandable on the basis of Fig. 23a.

These estimated values of (Res*)OT must now be compared
with the maximum values of Re8* expected at the location of
the static pressure maximum. A rough estimate of (Re8*)m&*
is obtained by assuming that (dd*/dx) = BPL (const) where

Bpla

^ [(xm - Xs (32)

where xm is the location of the pressure maximum. For our
present purposes, it is sufficiently accurate to take [(xm —
xs)/x8] = 1 and ReXs ^ ReXt 0. Estimated values of (Res*)***
are shown in Figs. 23a and 23b for Rexo = 104, 106, and 107.

For fixed values of Me and Sw, (Res*)cr ~ Rex0
l1* and

(#e5*)max ^ Rexv\ roughly,7'8 so that any one-parameter
family will always lead to an unrealistic static pressure maxi-
mum at sufficiently high values of ReXQ. Of course when
Rexo > 106 — 107, the boundary-layer flow is likely to be
turbulent because the separated laminar flow velocity profiles
are notoriously unstable to small disturbances, even for highly
cooled surfaces. Nevertheless, it is instructive to consider
the limiting case ReXQ ->• °° because it suggests the proper
procedure for postponing the appearance of the pressure
maximum, if necessary.

In the limit Rexo -+• <*> ; Eq. (18) shows that

(8t*/M.)(dM./dX) • -{[J -K(dJ/'dW)]/D} X
{(1 +me)/K(l +me)]} tanB (33)

§ For Savage's velocity profiles,33 / > W(dJ/d3C) when 0 ^
a ^ 0.35.

Now the Pohlhausen parameter is denned by

A = (dt**/vm)(dUe/dX) = Rest*[(8t*/Me)(dM,/d'X)]

thus, A — Rex
 1/4 as Rexo -* oo [Refs. 7 and 8 and Eqs. (30)

and (33)]. This physically unrealistic and mathematically
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Table 1

S»
0

-0.4
-0.8

G (similar solution,
lower branch)

-248
- 77.8
- 30.7

G (quartic)

-43

untenable situation can be eliminated by employing a two-
parameter, two-moment method such as Wieghardt's29 in
which a(X) and A.(X) are the independent parameters. The
condition of finiteness on A then insures that (5t*/Me) X
(dMe/dX) -* 0 properly as RexQ -*• oo . Recently Makofski34

utilized Wieghardt 's29 method for adiabatic flows. It would
be interesting to apply this method to a highly cooled bound-
ary layer at low supersonic Mach numbers and high Reynolds
numbers.

6. Future Work

6.1 Effect of Heat Transfer

According to Eqs. (18-20), the length scale for the viscous-
inviscid interaction along the plate surface is proportional
to di*. At high Mach numbers, one sees from Eq. (31) and
Fig. 3 that the value of Re^ for a given value of Res* is
roughly one-half as large for a highly cooled boundary
layer (Sw = —0.8) as it is for an adiabatic boundary layer.
But for a given value of Rexo,

so the length scale is reduced by almost one order of magni-
tude if one considers only the effect of heat transfer on 8t*.
This effect is certainly in the direction indicated by the few
experimental results available. S5~37 Detailed calculations
are now in progress and will be contained in Part II. It will
also be interesting to compute the pressure jump across the
initial "shock" in highly cooled supercritical flows as a func-
tion of enthalpy ratio and Mach number.

6.2 Base Flows and Wake Flows

Unless the Reynolds number is very low, the free shear
layers shed from the aft portion of a blunt body at super-
sonic speeds are thin compared to the body radius. Initially
these shear layers are directed toward the plane of symmetry.
In two-dimensional flow they remain very nearly straight
and the static pressure is constant for a certain distance.
Then the flow begins to turn back toward the freestream di-
rection, the static pressure begins to rise, and the two shear
layers coalesce at the "neck." The fluid below the dividing
streamline is returned to the recirculating flow just behind
the base, whereas the fluid above this streamline flows down-
stream to form the "wake" proper.

Viscous-inviscid interactions of this type are contained
within the framework of the general theory formulated in
Sec. 3. However, one must replace the Stewartson19 re-
versed-flow velocity profiles for flow over a solid surface by
another family of solutions of the Falkner-Skan equation
also found by Stewartson19; this family corresponds to vis-
cous flows in a positive pressure gradient with zero shear
on the axis, i.e., /(O) = /"(O) = 0. Again we "unhook" the
profiles from the Falkner-Skan parameter /5 and select
/'(O) = u(Q)/ue as our independent parameter a(X). At the
junction point with the initial region of constant pressure,
a < 0. At the rear stagnation point, a = 0; downstream of
this point a > 0, and a(X) -*• 1 as X ->• » . The flow passes
through a "throat" and goes supercritical downstream of the
rear stagnation point, as in the Crocco-Lees13 mixing theory.
Calculations for adiabatic flow are now in progress. It also
appears feasible to treat "cold" bodies, where the total en-

thalpy in the base flow region is initially lower than the free-
stream enthalpy.
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